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The resonant energy transfer due to weak electrostatic interaction in a system of two quantum dots has been
theoretically investigated. The probability of this process in the case of a direct-gap semiconductor has been
calculated assuming that the interaction between the quantum dot donor electrons and the quantum dot acceptor
electrons is described by a screened Coulomb potential. This allows one to consider all the important multipole
terms of the interaction and to correctly analyze the dipole-forbidden transitions. It has been found that the
energy transfer from the donor to the dipole-forbidden states of the acceptor plays an essential role in the
process. The anisotropy and temperature dependence of the energy transfer have been analyzed. Analytical
expressions for the luminescent spectra of two interacting quantum dots experiencing resonant energy transfer
have been derived.
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I. INTRODUCTION

The investigation of nonradiative resonant energy transfer
between pairs of spatially separated quantum objects, such as
atoms, molecules, impurity centers, or nanostructures, is one
of the most important problems in solid-state physics.1–3 In
recent years, this phenomenon in quantum dot �QD� systems
has been extensively studied both experimentally and
theoretically.4–11 This interest is stimulated by predicted fu-
ture technological applications such as luminescent markers
and sensors,12,13 low-threshold lasers,14 cellular automata,15

and quantum computers.16–18 In addition, an ensemble of
quantum dots is a good model for the detailed investigation
of the basic physics of nonradiative energy-transfer phenom-
ena. Because of the quantum size effect,19 one can generate a
resonance condition between arbitrary electronic states of the
QD donor and QD acceptor by choosing quantum dots of a
suitable size and shape. This allows the investigation of the
dependence of energy-transfer efficiency on the properties of
the electronic states involved in this process.

An early theoretical description of nonradiative resonant
energy transfer in molecular systems was developed by
Förster.20 He assumed that energy transfer occurs primarily
due to weak dipole-dipole interaction. This interaction is
considered to be sufficiently weak that perturbation of the
molecular energy spectrum does not occur. So, the energy-
transfer probability can be calculated using first-order pertur-
bation theory for a continuous spectrum21 �the so-called Fer-
mi’s golden rule�. Förster theory20 has been generalized by
Dexter22 to the cases of quadrupole and exchange interac-
tions.

The dipole-dipole approximation has been frequently used
for theoretical modeling of the energy transfer in QD
systems8,9,23 and for interpretation of experimental
data.4,10,24,25 Certainly, the dipole-dipole approximation gives

an adequate description of the energy transfer if the distance
between quantum dots is much larger than their size. But,
questions arise as to the validity of this approximation in the
commonly occurring case when the quantum dots are sepa-
rated by distances comparable to their size. In this situation,
one should consider higher-order multipole interactions. The
simplest way to do this is to assume that the interaction of
the electronic subsystems of the donors and acceptors is de-
scribed by the Coulomb potential, while dielectric screening
is allowed for by an effective dielectric constant, indepen-
dent of position. This approach has been used in recent the-
oretical works.11,16 For example, in Ref. 16 a numerical cal-
culation has shown that the dipole-dipole approximation is
valid even for short distances between cube shaped quantum
dots. However, when an attempt is made to extend this ap-
proximation to QDs of cuboid shape, significant errors ap-
pear. Energy-transfer rates for spherical quantum dots in
direct- and indirect-gap semiconductors have been numeri-
cally calculated using a tight-binding method.11 It has been
found that the dipole-dipole approximation is adequate for
direct-gap semiconductors even at short interdot distances. In
the case of indirect-gap semiconductors, multipolar interac-
tions are more important over short distances, nevertheless
the dipole-dipole interaction still dominates.

However, these results conflict with simple estimates of
the relative contribution of dipole-quadrupole interactions to
energy transfer in a system of contacting spherical quantum
dots based on the well-known relation Wdq /Wdd= �a /r�2,
where Wdq and Wdd are the probabilities of dipole-quadrupole
and dipole-dipole energy transfer, respectively, a is the di-
pole arm, and r is the distance between dipoles.1,22 It gives
Wdq /Wdd=1 /4 for quantum dots of radius R.

We analyze this contradiction in this work, where we con-
sider the nonradiative resonant energy transfer between two
spherical quantum dots, coupled by a screened Coulomb po-
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tential interaction. Selection rules for the interband transi-
tions due to energy transfer were obtained and also a rela-
tively simple expression for the matrix element of the
interdot interaction. We found that dipole-dipole approxima-
tion correctly describes the energy transfer between spherical
dots when transitions in both donors and acceptors are dipole
allowed. However, when the dipole-forbidden transition is
involved in the energy transfer, the relative contribution of
the multipole terms to the process can be as high as 25% for
contacting quantum dots. A further aim of this work was to
analyze distance and temperature dependencies of the lumi-
nescence spectra of two interacting quantum dots. In spite of
the importance of this problem for interpretation of experi-
mental data, it has, to the best of our knowledge, never been
done via this unified approach.

The paper is organized as follows. The calculation of the
matrix element of energy transfer induced by Coulomb inter-
action and an analysis of its dependence on the interdot dis-
tance and dipole moment orientation are outlined in Sec. II.
We also propose here a generalization of our results to the
case of quantum dots with finite potential walls. Section III
contains the derivation of the energy-transfer rate together
with an analysis of its dependence on temperature. In Sec.
IV, we develop the theory of stationary luminescence from
two interacting quantum dots and perform an analysis of the
dependence of the luminescence spectra on interdot distance.
Concluding remarks are given in Sec. V. Appendix contains
details of the calculation of the interdot matrix element and a
more detailed discussion of the selection rules for the inter-
band transitions due to energy transfer.

II. ENERGY-TRANSFER MATRIX ELEMENT

We consider a spherical quantum dot donor and a quan-
tum dot acceptor with radii RD and RA, respectively, sepa-
rated by a distance r �see Fig. 1�. We assume that the quan-
tum dots are embedded in a dielectric matrix, so we can use
an infinite potential wall model. These approaches ad-
equately describe the electronic structure of spherical semi-
conductor nanocrystals formed in organic and aqueous solu-
tions by the hot-injection method.4,26 The systems formed
from such nanocrystals demonstrate the energy-transfer
properties and hold much promise for biosensoring and light
harvesting applications.4,27,28 In the initial state of this sys-
tem there is an electron in the conduction band of the donor
and the acceptor in valence band is fully populated �Fig. 2�.
As a result of interdot Coulomb interaction described by the
potential,

V�r,rD,rA� =
e2

��r + rD − rA�
, �1�

this system passes into a final state with an electron in the
valence band of the donor and an electron in the conduction
band of the acceptor �Fig. 2�. In expression �1� rD and rA are
the radius vectors of electrons, originated at the centers of
the corresponding quantum dots, r is the vector directed
from the center of the acceptor to the center of the donor.
From Ref. 11, screening of the Coulomb potential is taken
into account by the use of an effective dielectric constant,
which � is determined by the high-frequency dielectric con-
stants of the donor �D, acceptor �A, and matrix �M,

� =
��D + 2�M���A + 2�M�

9�M
. �2�

The matrix element of the energy transfer �see Fig. 2� due
to interdot Coulomb interaction can be expressed as follows:

MDA � �i�, f��V�i, f�

=
e2

�
� � d3rDd3rA

�
�Dvi�

� �rD��Acf
� �rA��Dci�rD��Avf��rA�

�r + rD − rA�
, �3�

where ���t�r�� is the wave function of donor �=D �acceptor
�=A� in band j=c ,v in a state with quantum numbers t
= i , i� �donor� or t= f , f� �acceptor�. We neglect the exchange
term in Eq. �3� because it is insignificant.16,29

In this calculation, we consider a strong confinement
mode,19 neglect the intradot Coulomb interaction, and use a
two-band model of semiconductor electronic structure. Using
an effective-mass method,30 the wave function of the carrier
���t�r�=u���r����t�r� is given by the product of the Bloch
amplitude and the envelope wave function ���t. For spheri-
cal quantum dots with infinite potential barriers the envelope
is determined by the expression

xA

xD
yA

yD

zAzD

r
rD

rA

FIG. 1. �Color online� Coordinate systems of two interacting
quantum dots.

Dvi′

Dci Acf ′

Avf Dvi′

Dci Acf ′

Avf

initial state final state

FIG. 2. Electronic configuration of initial and final states of
resonant energy-transfer process. Black circles correspond to an oc-
cupied electronic state; white circles depict an empty state. Symbols
D and A denote the electronic levels of the donors and acceptors in
the conduction c and valence v bands; i , i� , f , f� are the quantum
numbers.
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���t�r�� =� 2

R�
3

jl�
��n�l�

r�/R��

jl�+1��n�l�
�

Yl�m�
�	�,
�� , �4�

where t= 	nlm
, n, l, m are the principal quantum number,
angular momentum, and its projection, respectively, R is the
radius of quantum dot, jl�x� are the spherical Bessel func-
tions, Ylm are the spherical harmonics, and �nl is the nth root
of equation jl�x�=0.

To allow the separation of the integration variables, we
use the following Fourier expansion:

1

�r + rD − rA�
=

1

2�2� d3q
eiq�r+rD−rA�

q2 .

Now, matrix element �3� will be

MDA =
e2

�

1

2�2� d3q
eiqr

q2 Sii�
�D��q�Sf�f

�A���q� ,

where

Stt�
����q� =� d3r���vt�

� �r��eiqr���ct�r�� . �5�

Let us express r� as the sum of the radius vector of an
elementary cell rk�

and the radius vector of the electron in-
side the cell r�� . We use the following properties of Bloch
amplitudes and envelope functions:

���t�rk�
+ r��� � ���t�rk�

�, u���rk�
+ r��� = u���r��� .

We can replace the integral over the volume of the quantum
dots V� by a sum of integrals over the volumes of elementary
cells �� in Eq. �5�,

Stt�
����q� = 
tt�

��� 1

��
� d3r��u�v

� �r���eiqr��u�c�r��� ,


tt�
��� = ���

k�

��vt�
� �rk�

�eiqrk���ct�rk�
� . �6�

Making the long-wave approximation qa�1 �a is the lattice
constant of semiconductor�, commonly used to obtain ana-
lytical expressions for the eigenvalues and eigenvectors of
the electronic subsystem in quantum dots 
see, e.g., Eq. �4��,
we can decompose eiqr�� in a Taylor series and restrict our-
selves to the first term that gives a nonzero contribution to
the elementary cell volume integral. As a result, we obtain

Stt�
����q� = i
tt�

����qrvc
���� , �7�

where

rvc
��� =

1

��
�

��

d3r��u�v
� �r���r��u�c�r��� . �8�

The absolute value of rvc
��� can be expressed using a Kane

parameter P���=�2 /m0�S�� /�z�Z� �Ref. 31� as follows:

�rvc
���� = P���/Eg

���.

Here m0 is the mass of the free electron and Eg
��� is the band

gap. Replacing the sum over elementary cells in Eq. �6� with

the integral over the volume of a nanocrystal we obtain


tt�
��� =� d3r���vt�

� �r��eiqr���ct�r�� . �9�

Using Eqs. �7� and �9�, matrix element �3� can be expressed
as follows:

MDA =
e2

�

1

2�2� d3q
eiqr

q2 �qrvc
�D���qrcv

�A��
ii�
�D�


 f�f
�A��. �10�

In order to further simplify Eq. �9�, we use a well-known
expansion of a plain wave using spherical harmonics.32 The
spherical symmetry of quantum dots allows us to eliminate
the dependence of 
tt�

��� on the angular coordinates of vector
q. Using the relationship between the integral of the three
spherical function and the Clebsch-Gordan coefficients,32 we
transform 
tt�

��� to the following expression:


tt�
����q� =

2

R�
3�2l� + 1

2l�� + 1
�
l=0

�

il�2l + 1�Cl�0,l0
l��0 Cl�m�,l0

l��m��

� �
0

R�

dr�r�
2

jl�
�kn�l�

r��jl
��
�kn

�� l
��
r��

jl�+1��n�l�
�jl

��+1��n
�� l

��
�

jl�qr�� ,

�11�

where kn�l�
=�n�l�

/R�. The product of the Clebch-Gordan co-
efficients

Cl�0,l0
l��0 Cl�m�,l0

l��m�� �12�

determines the selection rules for the transitions of carriers
due to resonant energy transfer,

�l� − l� � l�� � l� + l ,

l�+ l�� + l=even number,

m� = m�� .

Now we can carry out an integration over the angular vari-
ables in Eq. �10�, choosing the z axis of our coordinate sys-
tem to be codirectional with r. As a result, from Eq. �10� we
obtain the following expression:

MDA =
e2

�r3 
I�1�rvc
�D�rcv

�A� − I�2�3�nrrvc
�D���nrrcv

�A��� , �13�

where

I�l� = �1

3
�l−1 2

�
�

0

�

dxxljl�x�
ii�
�D��x/r�
 f�f

�A���x/r� , �14�

l=1,2, x=qr, and nr is the unit vector codirectional with r.
In Appendix, the expression of I�l� is presented in terms of
Appel hypergeometric functions, allowing the analysis of the
selection rules in more detail. As shown in Appendix, I�l� are
nonzero when lD= lD� and lA= lA� simultaneously and also
when lD+ lD� and lA+ lA� have opposite parities.

In the dipole approximation matrix element �13� is given
by
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MDA
�dd� =

e2

�r3�ii�� f f�
rvc
�D�rcv

�A� − 3�nrrvc
�D���nrrcv

�A��� , �15�

where the Kronecker symbols denote that energy transfer is
only possible between those states of the donor and acceptor
that can be involved in dipole-allowed interband transitions.
It is clear that expression �13� is similar in form to Eq. �15�.
However, in contrast to Eq. �15�, Eq. �13� contains ampli-
tudes I�l� characterizing the contribution of multipole interac-
tions. Furthermore, it follows from Eq. �13� directly that en-
ergy transfer is always possible between the states involved
in the dipole-forbidden interband optical transitions �i� i�
and f � f��.

Our analysis shows that in the case of dipole-allowed in-
terband transitions �i= i�f = f�� Eq. �13� leads to Eq. �15� and
a r−3 law applies regardless of interdot distance. In other
words, we obtain I�1�= I�2�=1 for any r. This result appears
surprising because, according to estimation for atomic
systems,22 the ratio of the matrix elements of dipole-
quadrupole MDA

�dq� and dipole-dipole MDA
�dd� interactions should

be similar to �=R� /r. In our case, when the donor and ac-
ceptor are in close contact, this parameter is ��1 /2. The
coincidence of Eqs. �13� and �15� regardless of distance is
most likely to be a result of the spherical symmetry of the
quantum dots.

A further symmetry that is reflected in our results is a
similarity of the envelope wave functions of the electrons in
the conduction and valence bands obtained using a two-band
approximation. In this case, the envelope wave functions do
not contain any band-specific parameters and are mutually
orthonormal. Clearly, if the degeneration of the valence band
and mixing of its subbands are taken into account, this sym-
metry will be broken. For a complex valence-band structure
the wave functions of the holes are described by linear com-
binations of expressions of the form C�j�k�r�YJM�� ,��.
Here, C� are coefficients that depend on the band parameters
and J and M are the total momentum and its projection.33

The interdot matrix element will now have a more complex
form and Eq. �13� does not coincide with Eq. �15� even for
dipole-allowed transitions.

As can be seen from Eq. �13�, the probability of energy
transfer depends on the square of the orientational factor
given by

���D,�A,�� = sin �D sin �A cos � − 2 cos �D cos �A.

�16�

This factor defines the mutual orientations of the dipole mo-
ments of the interband transitions and the vector r. This
means that the energy transfer is essentially anisotropic. We
use a spherical coordinate system where z axis is parallel to
r, �D and �A are the polar angles of the dipole moments of
the donor and acceptor, respectively, and � is the difference
between their azimuth angles. Equation �16� shows that �2

takes values from 0 to 4 and so has a substantial impact on
the effectiveness of energy transfer.

Now, we calculate the orientations of the dipole moments
that lead to maximum and minimum values for �2. The sur-
faces of constant �2 are given by the following expression:

� = arccos��� + 2 cos �D cos �A

sin �D sin �A
� .

Figure 3 shows plots of these surfaces for various values of
�2. From Fig. 3 it is clear that for any given values of �D and
�A there is a corresponding � that gives �2=0.

When one of the dipole moments is parallel to r ���=0 or
�� we have

�2 = 4 cos2 ��,

i.e., Eq. �16� no longer depends on �, and �2 is fully deter-
mined by the polar angle of the other dipole. In particular,
when the second dipole is parallel to the first one ���=0 or
��, �2 is the maximum value �max

2 =4. Thus, maximum
energy-transfer efficiency is achieved at the following dipole
moment orientations: �1� �D=0, �A=0; �2� �D=0, �A=�; �3�
�D=�, �A=0; and �4� �D=�, �A=�.
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FIG. 3. �Color online� Surfaces of constant �2: �a� �2=0, �b�
�2=0.5, �c� �2=1, and �d� �2=2.
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This anisotropy offers the possibility of creating a photo-
excitation energy transmission line between the spatially
separated points. Indeed, if we construct a chain of quantum
dots with suitable sizes and parallel interband transition di-
pole moments, we can obtain an effective energy “conduc-
tor.” Conversely, if the orientation of the dipole moments
corresponds to the case �2=0 depicted in Fig. 3�a�, then we
will have an effective “insulator” for the photoexcitation en-
ergy. A combination of these two cases allows the construc-
tion of networks with a variety of architectures for controlled
transport of photoexcitation energy in close-packed quantum
dot systems.

For the sake of simplicity, in subsequent discussions we
consider the probability of energy transfer averaged over the
directions of the dipole moments of the interband transitions.
If the donor and acceptor are made from the same material,
the square modulus of matrix element �13�, averaged over all
dipole moment directions for the interband transitions, will
be equal to

�MDA�2 =
1

3

e4

�2r6� P

Eg
�4

	�I�1��2 − �I�1��I�2� + I�1�I�2��� + 3�I�2��2
 .

�17�

For the dipole-dipole approximation or for the dipole-
allowed interband transitions, this can be written as

�MDA
�dd��2 =

2

3

e4

�2r6� P

Eg
�4

�nDnD�
�nAnA�

�lDlD�
�lAlA�

�mDmD�
�mAmA�

.

Let us consider this matrix element for a specific case,
namely, for the lowest energy transitions when the matrix
element is nonzero. We assume that initially the electron and
hole are in the lowest energy states i= i�= 	100
. This case is
of particular interest when the rate of intraband relaxation of
carriers is much higher than that of energy transfer. We shall
consider quantum dots formed from the cubic modification
of CdSe �Ref. 34�: mc

���=0.11m0, mv
���=1.14m0,

Eg
����293 K�=1.736 eV, P=1.48�10−19 cm3 g s−2, and ��

=5.8, embedded in an SiO2 matrix with a high-frequency
dielectric constant �M =2.13.35 From Eq. �2� we have the
effective dielectric constant �=5.28. Obviously, the rate of
energy transfer will be maximum when the transition ener-
gies in the donor and acceptor are equal. In our case �see Fig.
4� this condition is satisfied when radii RD and RA are
coupled by the following expression:

RD

RA
= �� mc + mv

mc�nl
2 + mv�n�l�

2 , �18�

where n , l and n� , l� are the quantum numbers of the states in
the valence and conduction bands of the acceptor. Figure 5
shows the dependence of �MDA�2 on the distance between
the centers of the quantum dots in the cases of resonance
with various transitions in the acceptor: dipole-allowed
transitions Av	nlm
→Ac	nlm
 and dipole-forbidden transi-
tions Av	110
→Ac	120
, Av	120
→Ac	110
, Av	100

→Ac	110
, Av	110
→Ac	100
. In our calculations, we as-
sume that the donor radius RD=2 nm and the acceptor radius
are chosen to satisfy Eq. �18�, ensuring resonance. From Fig.

5 it is clear that the relative magnitude of the square of the
modulus of the matrix element for dipole-forbidden transi-
tions can be up to �20% of the corresponding value for
dipole-allowed transition at short interdot distances. Since
energy transfer involving the dipole-forbidden transitions of
the acceptor is caused by the multipole, including quadru-
pole, interactions, these results agree with the initial estimate
of 25% for the relative contribution of quadrupole interac-
tions to the energy transfer made in Sec. I.

Some remarks on generalizing these results to the case of
quantum dots with finite potential walls are appropriate at
this point. In this case, dipole-allowed interband transitions
can occur between states with different principal quantum
numbers, e.g., when n��n�� . This is because envelope func-
tions depend on the band parameters of semiconductors and
the depth of the potential well.36 As a result, the radial parts
of the envelope functions of electrons R�cn�l�

�r�� and holes
R�vn

�� l�
�r�� are not orthonormal,

Gcn�,vn
��

= �
0

�

dr�r�
2R�cn�l�

�r��R�vn
�� l�

�r�� � 0.

Note that all other properties of the energy-transfer-matrix
element related to the angular parts of envelope functions
remain the same. Thus, if we replace

FIG. 4. Schematic diagram depicting the resonant transfer of
electronic excitation energy from a quantum dot donor to a quantum
dot acceptor. The lowest energy interband transition in a donor
�Dc	100
→Dv	100
� and the corresponding resonant interband
transition in an acceptor �Av	nlm
→Ac	n�l�m�
� are shown.

FIG. 5. �Color online� Dependence of the square of the modulus
of the energy-transfer-matrix element on the distances between the
centers of the donor and acceptor. �1� Av	nlm
→Ac	nlm
, �2�
Av	110
→Ac	120
, �3� Av	120
→Ac	110
, �4� Av	100

→Ac	110
, and �5� Av	110
→Ac	100
.
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2

R�
3

jl�
�kn�l�

r��jl
��
�kn

�� l
��
r��

jl�+1��n�l�
�jl

��+1��n
�� l

��
�

by R�cn�l�
�r��R�vn

�� l
��
�r�� in Eqs. �11� and �A3� and replace

the upper limits of integration over rD and rA in Eqs. �11� and
�A1� by infinity, we obtain expressions applicable for quan-
tum dots with finite potential walls. In particular, the matrix
element of energy transfer for dipole-allowed interband tran-
sitions will be equal to

MDA
�dd� =

e2

�r3GcnD,vnD�
GcnA,vnA�

�lDlD�
�lAlA�

�mDmD�
�mAmA�

�
rvc
�D�rcv

�A� − 3�nrrvc
�D���nrrcv

�A��� .

III. ENERGY-TRANSFER RATE

Using Eq. �17�, it is possible to calculate the rate of reso-
nant energy transfer from any fixed donor state to all possible
acceptor states �DA. Because the interaction of the charge
carriers of the donor and acceptor is weak, we can use first-
order perturbation theory to describe the probability of en-
ergy transfer from electron-hole pairs of the donor in state
�iD , iD� � to electron-hole pairs of the acceptor in state �fA , fA��.
We obtain the following expression for the rate of resonant
energy transfer:

�DA =
2

�2 �MDA�2
�DA

�DA
2 + �DA

2 ,

where

�DA = �Ec,i
�D� + Ev,i�

�D� + Eg
�D� − Ec,f�

�A� − Ev,f
�A� − Eg

�A��/� .

Here, �DA is the detuning between the frequencies of the
electron-hole pair transitions in the donor and acceptor in-
volved in the energy-transfer process, E�,t

���

=�2�n�l�
2 / �2m�

���R�
2�, and �DA is the coherence relaxation rate

between the initial and final states. For the case of dipole-
allowed transitions, the rate of energy transfer from the do-
nor state with quantum numbers nD , lD ,mD to all possible
acceptor states is given by

�DA
�dd� =

4e4

3�2�2r6� P

Eg
�4

�
nAlA

�2lA + 1�
�DA

�DA
2 + �DA

2 .

The summation is performed over all possible acceptor
states. We define �DA as the sum of the dephasing rates of
interband transitions in the donor and acceptor,

�DA = �iD� iD
+ � fA� fA

, �19�

where �t�t= ��t�+�t� /2+ �̄t�t, �t is the reciprocal lifetime of
state t in the donor or acceptor, and �̄t�t is the pure dephasing
rate of the transition. Hence, the rate of energy transfer is
expected to have a significant temperature dependence, in
agreement with experimental data.4 The finite width of the
transitions involved in the energy transfer results in several
important consequences. First, exact resonance between the
donor and acceptor levels is not required for the transfer of

electronic excitation energy. In order to illustrate this state-
ment, consider the example of a transition between the
dipole-allowed states of a CdSe quantum dot donor and ac-
ceptor Dc	100
 ,Dv	100
→Av	11m
 ,Ac	11m
. Figure 6
shows the dependence of the energy-transfer rate �DA on
energy detuning between the energies of electron-hole pair
transitions in the donor and acceptor at both room tempera-
ture and liquid-helium temperature. In this calculation we
use a phenomenological equation for the dephasing rate of
the interband transitions which is frequently used for the
analysis of experimental data,37,38

�cv = �0 + aT + bn̄LO�T� , �20�

where n̄LO�T�=1 / 
exp���LO /kBT�−1�, �LO is the frequency
of the longitudinal optical �LO� phonon in the donor or ac-
ceptor, kB is the Boltzmann constant, and T is the tempera-
ture. In Eq. �20�, the first term �0 is interpreted as a dephas-
ing rate due to both nonradiative and radiative interband
transitions. The second and third terms describe the interac-
tion with acoustic and optical phonons �a=1.5
�1010 s−1 /K,37,38 b=2.3�1013 s−1,37 and ��LO=26 meV�.
For a donor in the lowest excited state a �0 value of 7.7
�107 s−1 was chosen, corresponding to a quantum yield of
50% and a radiative transition width of nearly 3.85
�107 s−1.39 For an acceptor in a highly excited state we
should consider the contribution from intraband relaxation of
electron-hole pairs to �0. According to paper,40 the intraband
relaxation rate for transitions between the lowest energy
states of electron-hole pairs in CdSe quantum dots varies
from 1011 to 3.3�1012 s−1 when quantum dot radius reduces
from 5.6 to 2 nm. In our calculations �Fig. 6�, a value of 2

(b)

(a)

FIG. 6. Rate of energy transfer �DA for CdSe quantum dots as a
function of energy detuning �DA. The interdot distance is r
=5 nm; �DA is the transition dephasing rate 
Eq. �19�� expressed as
an energy. �a� T=300 K and �b� T=4 K.
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�1011 s−1 for the contribution of intraband relaxation to �0
has been chosen. Figure 6 clearly shows that, within the
width of �DA, effective energy transfer is possible with both
raising and lowering of the transition energy. With decreas-
ing temperature 
Fig. 6�b�� the probability of the energy
transfer increases significantly, and the transition width de-
creases. At room temperature 
Fig. 6�a�� it is possible to have
a situation where several energy levels of the acceptor are
within the spectral range of −�DA��DA��DA. In this case,
an effective energy transfer to all these levels will take place.
It should be emphasized that utilization of Eq. �20� with the
values of parameters �0, a, b, and ��LO mentioned is equiva-
lent to using of experimental data.

It is necessary to make several remarks regarding Eq.
�20�. In spite of the fact that it is used by many authors for
the analysis of experimental data on the temperature depen-
dence of the excitonic and interband transition dephasing
rate, its application to quantum dots is not entirely physically
justified. Originally Eq. �20� was proposed for description of
the dephasing of excitonic optical transitions to the lowest
energy state �exciton wave vector K=0� in bulk
semiconductors,41,42 whose electronic subsystem has a con-
tinuous energy spectrum. This equation remains valid for the
interband transitions in bulk materials. Interpretation of the
three terms in Eq. �20� in these cases is clear: the first one
describes pure dephasing due to scattering by impurities and
defects, the natural transition width, and possible nonradia-
tive exciton recombination; the second and third terms de-
scribe dephasing due to real transitions with the absorption
of acoustic and LO phonons, respectively, which is always
possible in systems with a continuous energy spectrum. Pro-
cesses with the absorption of transversal optic �TO� phonons
are neglected in Eq. �20� because in A2B4 and A3B5 semicon-
ductors, interaction with LO phonons is dominating.

For describing the dephasing of excitonic and interband
optical transitions to an energy state different from the lowest
one we must modify Eq. �20�. If the energy of an excited
electron-hole pair is larger than the lowest energy of the pair
by the value E, with E greater than the acoustic or optical
phonon energies, the expression for the temperature depen-
dence of the dephasing rate of the interband transition con-
tains one or two additional terms. If 0�E���LO, then we
obtain an additional term a1T, similar in form to aT in Eq.
�20�, but describing the emission of an acoustic phonon. If
��LO�E, a second additional term b1
n̄LO�T�+1� will ap-
pear describing emission of the LO phonon. Thus, generali-
zation of Eq. �20� to the case of dephasing of the high energy
excitonic and interband transition in semiconductors is given
by the equation

�cv = �0 + āT + bn̄LO�T�

+ �0, 0 � E � ��LO

b1
n̄LO�T� + 1� , ��LO � E ,
� �21�

where ā=a+a1. Equation �21� is valid for structures with a
continuous energy spectrum, such as bulk semiconductors,
quantum wells, and quantum wires. It should be pointed out
that in Eq. �21� we do not consider processes that lead to
pure dephasing of interband transitions due to phonon scat-

tering. The contributions of these processes to �cv in the case
of weak electron-phonon interaction43 are bpdn̄LO�T�
n̄LO�T�
+1� for LO-phonon scattering and apdT

2 for acoustic phonon
scattering. The linear āT and quadratic apdT

2 dependencies
that appear due to interaction with acoustic phonons are valid
when T�1 K, i.e., for when the acoustic mode population is
large.31 If this condition is not met, then the contribution
from pure dephasing due to acoustic phonon scattering to �cv
will be proportional to T7 �Refs. 1 and 43�. In any case, when
T→0 K, pure dephasing due to phonon scattering does not
occur. If pure dephasing due to phonon scattering is taken
into account, the following expression is obtained for �cv:

�cv = �0 + āT + bn̄LO�T� + apdT
2 + bpdn̄LO�T�
n̄LO�T� + 1�

+ �0, 0 � E � ��LO

b1
n̄LO�T� + 1� , E � ��LO.
� �22�

This equation is not generally applicable, since it does not
include the contributions from interactions with elementary
excitations within semiconductor structure, such as TO
phonons, plasmons, plasmon-phonon modes, and magnons,
as well as contributions from tunneling and activation pro-
cesses leading to trapping and releasing of carriers. The con-
tribution from activation processes to �cv is described, in
general, by expressions of the type ca exp�−Ea /kBT�, where
Ea is the activation energy.

Let us consider the validity of Eq. �22� for the description
of transition dephasing in semiconductor quantum dots
whose electronic subsystem has a discrete energy spectrum.
Clearly, in this case, �cv should always contain the first,
fourth, and fifth terms. However, the interpretation of �0 is
somewhat altered. In contrast to bulk material, quantum
wells, and wires, whose charge carriers and excitons are rep-
resented by running waves, electronic excitations of this type
in quantum dots are standing waves. Therefore, the concept
of electron scattering on defects and impurities loses physi-
cal meaning. Thus, for quantum dots, �0 is determined by the
natural transition width and the nonradiative recombination
of electron-hole pairs or excitons. The contribution to �cv
from processes of pure dephasing, as described by the fourth
and fifth terms of Eq. �22�, remains because pure dephasing
does not change the population of the electronic levels and
does not require a continuous electronic spectrum. The sec-
ond, third, and sixth terms of Eq. �22� describing contribu-
tions from real transitions between the levels of the elec-
tronic subsystem are more complex to describe. These terms
only appear when the energy gaps between the electronic
�excitonic� states are sufficiently close to the energies of
acoustic or optical phonons. In order to describe this in de-
tail, we use the example of dipole-allowed interband transi-
tions to the lowest energy state, E0, of the electron-hole pair.
In this instance, the sixth term of Eq. �22� is absent because
there are no states with energy Elow�E0 in the quantum dot.
Dephasing associated with the transition to the higher energy
state Ehigh�E0 with optical phonon absorption 
third term in
Eq. �22�� can take place only if Ehigh−E0���LO. This is
possible only for quantum dots of a specific size. Therefore,
the presence and value of the third term in Eq. �22� is deter-
mined by the following parameters characterizing the quan-
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tum dots: size, shape, depth of potential well, effective
masses of carriers, and others. Thus, the contribution from
dephasing processes of this type to �cv is not universal.

Finally, let us discuss the second term of Eq. �22�, corre-
sponding to real transitions between levels of electron-hole
pairs involving acoustic phonons. At present, it is known that
the fundamental interband transition within quantum dots has
a fine structure. If exchange interaction is neglected, then the
lowest energy state of the electron-hole pairs is eightfold
degenerated in semiconductors with cubic symmetry and
fourfold degenerated in materials with hexagonal symmetry.
Exchange interaction partially removes this degeneration.
Lowering of the symmetry due to shape of quantum dot also
removes degeneration. Thus, fine structure of the energy
spectrum of electron-hole pairs with a characteristic energy
scale of a few meV appears.44–46 Transitions between com-
ponents of this fine structure with the absorption and emis-
sion of acoustic phonons cause an increase in the second
term in Eq. �22�. As a result, we obtain the following expres-
sion for the dephasing rate of interband transitions to the
lowest energy state in a quantum dot:

�cv = �0 + āT + bn̄LO�T� + apdT
2 + bpdn̄LO�T�
n̄LO�T� + 1� .

�23�

This equation differs from Eq. �20� by the presence of the
last two terms. Evidently, different dephasing mechanisms
will dominate over different temperature ranges, quantum
dot materials, and geometries. Consequently, determination
of the contributions of different dephasing sources is diffi-
cult. Indeed, let us consider third and fifth terms in Eq. �23�
which are responsible for the interaction of the electronic
subsystem with optical phonons. In the majority of A2B4 and
A3B5 materials the optical phonon energy is in the range
between 20 and 40 meV.47 Therefore, in the range 0�T
�150 K the temperature dependence of both terms will
have a similar form exp�−��LO /kBT�, and it is impossible to
distinguish their individual contributions to �cv. In conclu-
sion, the problem of experimental identifying the dominant
dephasing mechanisms of the interband transitions at tem-
peratures T�50 K remains open.

The analysis presented above shows that temperature is a
crucial parameter in determining, in many cases, the effi-
ciency of energy transfer. This originates in the temperature
dependence of the coherence relaxation rate �DA between the
initial and final states of the energy-transfer process.

IV. PHOTOLUMINESCENCE SPECTRUM

Let us consider the luminescence of donors and acceptors
taking into account nonradiative resonant energy transfer.
For this purpose we use a reduced density-matrix formalism,
adapted for the calculation of secondary emission from quan-
tum dots.48

The Hamiltonian of donor and acceptor quantum dots,
interacting with an external optical field and the quantum
electromagnetic field of the vacuum has the following form:

H = HD + HA + HR + HDR + HDL + HAR + HAL,

where

H� = �
i�

��i�
�i���i��

are the Hamiltonians of noninteracting electron-hole pairs in
the donor ��=D� and acceptor ��=A� in terms of their
eigenvectors �i�� and eigenvalues ��i�

. In the case of a
strong confinement and spherical quantum dots ��i�

=Eg
���

+�2�n�l�
2 / �2mc

���R�
2�+�2�n

�� l
��

2 / �2mv
���R�

2�.

HR = �
k

��kbk
+bk

is the Hamiltonian of electromagnetic field, bk
+ and bk are the

operators of creation and annihilation of photons in the state
k with frequency �k.

H�R = i��
i�,k

��k�Vi�g�

�k� bk�i���g�� − c.c.� ,

H�L =
1

2�
i�


��t�Vi�g
�L�e−i�Lt�i���g�� + c.c.�

are the operators describing the interaction of donor and ac-
ceptor electron-hole pairs with the quantum electromagnetic
field and external classical optical field with frequency �L,
�g�� is the vacuum state of the electron-hole pairs, ��k

=�2��k /���V, �� is the dielectric constant of the corre-
sponding quantum dot, V is the normalization volume, Vif

� �

= �i��−er�e �f�,  =L ,k, er is the dipole moment operator, e 

is the polarization vector of the photon, and ��t� is the com-
plex amplitude of the electromagnetic filed.

The evolution of the states of noninteracting quantum dots
can be described by kinetic equations for reduced density
matrices,

�̇ f
�� f�

��� =
1

i�

H,����� f

�� f�
+ � f

�� f� �
f���f�

! f�f
��
� f

�� f
��

��� − � f
�� f�

�0�
� f

�� f�

��� ,

�24�

where � f�f�

�0� is the population relaxation rate of state f�, pro-

portional to the reciprocal of its lifetime, � f
�� f�

�0� = �� f
�� f

��
�0�

+� f�f�

�0� � /2+ �̄ f
�� f�

�0� for f�� � f� is the coherence relaxation rate,

�̄ f
�� f�

�0� = �̄ f�f
��

�0� is the pure dephasing rate, and ! f
�� f�

is the rate of

transition from f� to f�� .
We will take a phenomenological approach to describing

the interaction between the donor and acceptor using the ex-
pression for the rate of energy transfer �DA obtained in Sec.
III. Interaction of the quantum dots leads to several changes
in the system of Eq. �24�. In the equations describing the
population evolution, additional terms related to the creation
and annihilation of electron-hole pairs in the donor and ac-
ceptor due to energy transfer will appear. Thus, instead of
two independent systems for the donor and acceptor one sys-
tem of coupled equations arises. Furthermore, in the equa-
tions describing the evolution of coherence for the states in-
volved in the energy-transfer process, we redefine the
coherence relaxation rates: � f

�� f�

�0� →� f
�� f�

=� f
�� f�

�0� +�DA /2.
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In order to further illustrate this, consider the following
diagram depicting the luminescence of donors and acceptors
�Fig. 7�. A monochromatic light wave with field strength EL
and frequency �L resonantly excites the donor to the dipole-
allowed lowest energy state �i1D�. The external excitation is
also in resonance with the state �i2A� of the acceptor. There
are two distinct cases, since optical transition to this state of
the acceptor is either allowed or forbidden. In the second
case we can neglect interaction with the external emission.
We assume that the radiative recombination rate of state �i2A�
is much smaller than the rate intraband relaxation. So, we
can neglect secondary emission of the acceptor at the fre-
quency of �gA�→ �i2A� transition. The donor has three relax-
ation channels to the ground state: �1� nonradiative recombi-
nation due to thermal bath interaction, �2� radiative
recombination with an associated emission of a photon at a
frequency �DR, and �3� nonradiative recombination with en-
ergy transfer to the acceptor �transition �i1D�→ �i2A��. These
channels are characterized by rates !gDi1D

, WD, and �DA, re-
spectively. We assume that the intraband relaxation rate of
carriers is much larger than the energy-transfer rate and the
interband recombination rate, that is, the following condition
is satisfied,

!i1A,i2A
� �DA,!g�,i1�

,

and the acceptor quickly relaxes to the lowest excited state
�i1A�, which is dipole allowed for optical transitions. The con-
dition !i1Ai2A

��DA also guarantees that there is no reverse
energy-transfer process from acceptor to donor.

Depending on the mechanism of intraband relaxation
considered,49–51 the value of relaxation rate can vary from
1011 to 1012 s−1. The analysis of the energy-transfer rate per-
formed in Sec. III showed that �DA is about 1010 s−1 at room
temperature 
Fig. 6�a��. Therefore, the condition !i1Ai2A
��DA is obeyed. At low temperatures, liquid-helium tem-
perature, for example, �DA�1012 s−1 
Fig. 6�b��, i.e., the
condition !i1Ai2A

��DA is not satisfied. Now, reverse energy
transfer from acceptor to donor must be considered. This
case will be comprehensively investigated in future work. In
the present study, we restrict ourselves to consideration of
the room-temperature case.

Finally, transitions can occur from acceptor state �i1A� to
the ground state due to thermal bath interaction and also due

to electron-hole recombination with photon emission at a
frequency �AR. These processes are characterized by rates
!gAi1A

and WA, respectively.
In order to describe the luminescence we use the follow-

ing simplified electron-photon system:

�1�D = �gD��gA��0k�, �2�D = �i1D��gA��0k� ,

�3�D = �gD��gA��1Dk� ,

�1�A = �gA��gD��0k�, �2�A = �i1A��gD��0k� ,

�3�A = �i2A��gD��0k�, �4�A = �gA��gD��1Ak� ,

where �0k� is the vacuum of photons emitted by quantum dots
and �1Dk� and �1Ak� are the states with one photon emitted by
the donor and acceptor, respectively. This system is appli-
cable when the excitation light is of low intensity, the satu-
ration of the optical transitions can be neglected, and multi-
photon processes of excitation and radiation are ignored.

Using this system, together with modified kinetic equation

Eq. �24��, and the condition !i1Ai2A

��DA, we can write the
system of equations for the populations of the donor and
acceptor states in the following forms:

�̇11
�D� =

1

i�

H,��D��11 + �i1Di1D

�22
�D�,

�̇22
�D� =

1

i�

H,��D��22 − �i1Di1D

�22
�D�,

�̇33
�D� =

1

i�

H,��D��33, �25�

�̇11
�A� =

1

i�

H,��A��11 + �i1Ai1A

�0� �22
�A� + !gAi2A

�33
�A� − �DA�22

�D�,

�̇22
�A� =

1

i�

H,��A��22 − �i1Ai1A

�0� �22
�A� + !i1Ai2A

�33
�A�,

�̇33
�A� =

1

i�

H,��A��33 − �i2Ai2A

�0� �33
�A� + �DA�22

�D�,

�̇44
�A� =

1

i�

H,��A��44, �26�

where �see Fig. 7�

�i1Di1D
= �i1Di1D

�0� + �DA = !gDi1D
+ �DA,

�i2Ai2A

�0� = !i1Ai2A
+ !gAi2A

,�i1Ai1A

�0� = !gAi1A
.

It is clear from Eqs. �25� and �26� that population is con-
served not only for the system as a whole but also for the
donor and acceptor separately,

FIG. 7. Schematic diagram depicting transitions in a system of
two interacting quantum dots �donor and acceptor�. Solid lines
show transitions leading to absorption or emission of photons with
frequencies �L and ��R; dotted lines show transitions with rates
! f�f

��
caused by thermal bath interaction.
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�
n=1

3

�̇nn
D = 0, �

n=1

4

�̇nn
A = 0,

i.e., there is no charge transfer in the donor/acceptor system.
Considering a stationary external excitation 
��t�=EL�

and using Eqs. �25� and �26� and a system of modified equa-
tions for the nondiagonal elements of the density matrix 
Eq.
�24��, one can obtain the luminescence differential cross sec-
tion �LDCS� per unit solid angle " and per unit of frequency
��R. LDCS is related to the photon emission rates WD= �̇33

D

and WA= �̇44
A by the following expression:

d2
�

d"d��R
=

V���R
3

4��c�3

W����R�
IL

,

where IL is the intensity of the exciting light wave. Perform-
ing a calculation in the lowest order of perturbation theory
by interaction with the external classical optical field and
with the quantum electromagnetic field of the vacuum, one
obtains the following expression for the differential cross
section of the donor luminescence:

d2
D

d"d�DR
= C��DR��VgDi1D

�R� �2�Vi1DgD

�L� �2

�
�̄gDi1D

�0�

�i1Di1D

�gDi1D

��gDi1D

2 + �DL
2 ���gDi1D

2 + �DR
2 �

,

�27�

where �gDi1D
= ��i1Di1D

�0� +�DA� /2+ �̄gDi1D

�0� . From now on, we as-
sume that �g�g�

=0, C���R�=��R
4 / ��c4�2��

3/2�, �DL=�i1D
−�L, and �DR=�i1D

−�R are the detunings of the frequency
of the exciting and emitting light from the frequency of the
electronic transition in the donor. When the transition to state
�i2A� is optically forbidden, the acceptor luminescence cross
section is given by

d2
A
�f�

d"d�AR
= C��AR��VgAi1A

�R� �2�Vi1DgD

�L� �2
!i1Ai2A

�DA

�i1Di1D
�i1Ai1A

�0� �i2Ai2A

�0�

�
�gDi1D

�gDi1D

2 + �DL
2

�gAi1A

�0�

�gAi1A

�0�2 + �AR
2 , �28�

where �AR=�i1A
−�R is the detuning of the frequency of

emitted light from the frequency of the electronic transition
in the acceptor, �gDi1A

�0� =�i1Ai1A

�0� /2+ �̄gAi1A

�0� . If state �i2A� is opti-
cally allowed, then the luminescence cross section of the
acceptor can be expressed as follows:

d2
A
�a�

d"d�AR
= C��AR��VgAi1A

�R� �2
!i1Ai2A

�i1Ai1A

�0� �i2Ai2A

�0�

�gAi1A

�0�

�gAi1A

�0�2 + �AR
2

� ��Vi2AgA

�L� �2
�gAi2A

�0�

�gAi2A

�0�2 + �AL
2

+ �ViDgD

�L� �2
�DA

�i1Di1D

�gDi1D

�gDi1D

2 + �DL
2 � , �29�

where �AL=�i2A
−�L is the detuning of the frequency of the

exciting light from frequency of the electronic transition in
the acceptor, �gAi2A

�0� =�i2Ai2A

�0� /2+ �̄gAi2A

�0� .
Thus, to perform calculations using this approach, one

must define seven relaxation parameters: two for the donor
�!gD,i1D

, �̄gD,i1D

�0� � and five for the acceptor �!gAi1A
, !gAi2A

, !i1Ai2A
,

�̄gAi1A

�0� , �̄gAi2A

�0� �. The rate of energy transfer �DA is calculated
using the results from Sec. III.

Figure 8 shows the dependence of the luminescence dif-
ferential cross-section spectra on the distance between the
surfaces of quantum dots when energy transfer to the energy
levels of the acceptor occurs, corresponding to dipole-
allowed and dipole-forbidden optical transitions. Figure 9
shows the same dependencies for the maxima of the donor
and acceptor LDCS peaks. In our calculations, we used the
following values for the relaxation parameters: !g�i1�

=108 s−1, !gAi2A
=108 s−1, !i1Ai2A

=2�1012 s−1, and �̄g�i1�

= �̄gAi2A
= �̄i1Ai2A

=2�1013 s−1. For calculation of the lumines-
cence cross-section spectrum, we used the experimentally
obtained size dependence of the energy spectrum obtained in
Ref. 52, allowing us to obtain spectral positions of the lumi-
nescence peaks in agreement with experiments.

For dipole-allowed transitions, the light excites both the
donor and the acceptor and both the donor and acceptor
peaks are visible even when the interdot distance is very
large and Coulomb interaction is negligibly small. The

(b)

(a)

FIG. 8. Dependencies of the luminescence differential cross-
section spectra of donor �right peaks� and acceptor �left peaks� on
distance R=r− �RD+RA� between the surfaces of quantum dots. �a�
Dipole allowed transition in donor and acceptor. Donor: i= i�
= 	1,0 ,0
, RD=2 nm. Acceptor: f = f�= 	1,1 ,0
, RA=2.9 nm. �b�
Dipole allowed transition in donor and dipole-forbidden transition
in acceptor. Donor: i= i�= 	1,0 ,0
, RD=2 nm. Acceptor: f
= 	1,1 ,0
, f�= 	1,2 ,0
, RA=3.6 nm.
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heights of the donor and acceptor luminescence peaks differ
from each other as a result of the factor ��R

4 present in Eqs.
�27�–�29�. As the distance decreases, the donor luminescence
intensity reduces, while the acceptor one increases due to
energy transfer. At distance comparable to the quantum dot
size �R#5 nm�, the donor luminescence is practically
quenched and the acceptor luminescence reaches its maxi-
mum intensity. In the case of dipole-forbidden transitions in
the acceptor, the acceptor luminescence is absent at large
interdot distance. When the distance is reduced, quenching of
the donor luminescence is apparent while acceptor lumines-
cence appears. The dissimilar distance dependencies for
dipole-allowed and dipole-forbidden acceptor transitions
originate in the complex distance dependence of the matrix
element of Coulomb interaction. For the dipole-dipole inter-
action an r−6 law is obeyed regardless of interdot distance
while the multipole interaction makes contributions propor-
tional to higher orders of r.

V. CONCLUSION

In this work, we theoretically investigate the resonant
transfer of electronic excitation energy in a system of two
quantum dots. Using a two-band model and under the as-
sumption that interaction between electrons of the quantum
dot donor and quantum dot acceptor is described by a
screened Coulomb potential, we obtain a relatively simple
expression for the energy-transfer probability. This approach
allows us to adequately consider the specific cases of short
interdot distances and dipole-forbidden transitions in the ac-
ceptor. We show that the dipole-dipole approximation is

valid for dipole-allowed interband transitions in the donor
and acceptor even at short interdot distances. We found that
the energy transfer from donor to the dipole-forbidden state
of the acceptor plays an essential role in the process, and its
probability can reach as high as 25% as compared to the
dipole-allowed states of the acceptor.

We perform an analysis of the anisotropy of the energy
transfer and show that the transfer rate strongly depends on
the orientation of the dipole moments of the interband tran-
sitions and that of the radius vector connecting the quantum
dot centers. Control of the orientations allows one to change
the energy-transfer rate from zero to its highest possible
value, suggesting that engineering of complex networks for
energy transfer in ensembles of close-packed quantum dots
should be possible.

We investigated the temperature dependence of the
energy-transfer rate treating the energy-transfer process as an
incoherent one. At the same time it has been found that the
energy-transfer rate can be higher than the intraband relax-
ation rate in quantum dots at low temperatures. This means
that for an accurate calculation of the luminescence spec-
trum, reverse energy transfer from the acceptor to the donor
should be considered. In this case coherent effects become
important resulting in the removing degeneration of resonant
electronic states of donor and acceptor due to the Coulomb
interaction.8 This splitting of the energy states can cause the
anticrossing in optical spectra of coupled quantum dot, for
example, in external electric field that has been discussed in
Ref. 8. The detailed analysis of the coherent effects and the
reverse energy transfer in the quantum system at low tem-
perature is a subject of future work. Finally, by utilizing a
simple kinetic model, we obtain analytical expressions for
the room-temperature luminescence spectra of quantum dot
donors and acceptors with energy transfer and we also ana-
lyzed the interdot distance dependencies of these spectra.
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APPENDIX: REPRESENTATION OF I(l) THROUGH APPEL
HYPERGEOMETRIC FUNCTION

Interchange of the integrations in Eq. �14� allows the
functions I�l� to be represented in the following way:

I�l� = �1

3
�l−1 2

�
�
l1,l2

CD�l1�CA
��l2��

0

RD �
0

RA

drDdrARDRAQl1,l2
�l� ,

�A1�

where

C��lx� = ilx�2lx + 1��2l� + 1

2l�� + 1
Cl�0,lx0

l��0 Cl�m�,lx0
l��m�� , �A2�

(b)

(a)

FIG. 9. Dependencies of the maxima of the donor and acceptor
LDCS peaks shown in Fig. 8 on distance R=r− �RD+RA� between
the surfaces of quantum dots. �a� Dipole allowed transition in donor
and acceptor. �b� Dipole-forbidden transition in acceptor.
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�xrA/r�jl�x�, l = 1,2. �A3�

In turn Ql1,l2
�l� can be expressed through Appel’s fourth hyper-

geometric function F4�a ,b ;c ,c� ;x ;y� �Ref. 53� in the form

Ql1,l2
�l� = 2l−3�3/2� rD

r
�l1� rA

r
�l2

��� �2l + l1 + l2 + 1�/2
l1 + 3/2,l2 + 3/2,1 − �l1 + l2�/2 �
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2
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3
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3
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2

r2 ;
rA

2

r2� ,

�A4�

�� a

b,c,d
� =

��a�
��b���c���d�

. �A5�

From Eqs. �A4� and �A5� it follows that I�l� are nonzero in
the following cases:

l1 = l2 = 0, �l1 + l2�/2 = half-integer number.

Otherwise, the argument of function �
1− �l1+ l2� /2� is zero
or a negative integer and we obtain infinity. From the prop-
erties of the Clebsch-Gordan coefficients,32 it follows that

condition l1= l2=0 is satisfied only for transitions between
states with the same angular momenta lD= lD� and lA= lA� .
When l1= l2=0 functions Ql1,l2

�l� is independent of rD and rA

and the integrals in Eq. �A1� over these variables from RD
and RA give �nD,nD�

and �nA,nA�
, respectively. Hence, the con-

dition l1= l2=0 corresponds to dipole-allowed interband tran-
sitions in the donor and acceptor �nD=nD� , lD= lD� , mD=mD� ,
nA=nA� , lA= lA� , and mA=mA�� because according to Eq. �A2�,
conditions mD=mD� and mA=mA� must be satisfied. Moreover,
in this case we have I�1�= I�2�=1.

Let us reflect on the restrictions applied by condition �l1
+ l2� /2=half-integer number on interband transitions in
quantum dots. It is clear that this condition will be satisfied
only when l1 and l2 have an opposite parities, i.e., when l1
=even number, l2=odd number or l1=odd number, l2
=even number. Since Eq. �A2� should also be satisfied, we
obtain that lD+ lD� + l1=even number and lA+ lA� + l2
=even number. Thus, energy transfer is only possible in two
cases: �1� when interband transitions in the donor involve
states with angular momenta of the same parities lD+ lD�
=even number and transitions in the acceptor involve states
with angular momenta of opposite parities lA+ lA�
=odd number and �2� inversely, when lD+ lD� =odd number
and lA+ lA� =even number. Further restrictions on the possible
values of the quantum numbers of donor and acceptor states
are determined by the following conditions:

�lD − l1� � lD� � lD + l1, �lA − l2� � lA� � lA + l2,

mD = mD� ,mA = mA� .
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